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Consider ℤ30 

We know that 2 ∙ 3 ∙ 5 = 0  

2 ∙ 3 ≠ 0 ,  2 ∙ 5 ≠ 0 ,  3 ∙ 5 ≠ 0  

We obtain that 2  is a 3-zero-divisor  

4 



 

5 



Graph structures 

Verrall 

5 



Graph structures 

Hypergraph 𝓗(𝑽, 𝓔) 𝓗

Verrall 

5 



Graph structures 

Hypergraph 𝓗(𝑽, 𝓔) 𝓗

 𝑉 or 𝑉(ℋ) is a nonempty finite set of vertices or vertex set 
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Graph structures 

Hypergraph 𝓗(𝑽, 𝓔) 𝓗

 𝑉 or 𝑉(ℋ) is a nonempty finite set of vertices or vertex set 
 

 ℰ or ℰ(ℋ) is a family of subsets of 𝑉, called set of (hyper)edges 
or edge set 

 If each edge of ℋ has size 𝑙, we call ℋ an 𝑙-uniform hypergraph. 

Verrall 

5 



 

6 



Example of hypergraphs 

6 



Example of hypergraphs 

3-uniform hypergraph 

6 



 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

𝑒1 = {1, 2, 3} 𝑒2 = {1, 2, 4} 𝑒3 = {1, 3, 4} 𝑒4 = {2, 3, 4} 

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

𝑒1 = {1, 2, 3} 𝑒2 = {1, 2, 4} 𝑒3 = {1, 3, 4} 𝑒4 = {2, 3, 4} 

1 2 

3 4 Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

𝑒1 = {1, 2, 3} 𝑒2 = {1, 2, 4} 𝑒3 = {1, 3, 4} 𝑒4 = {2, 3, 4} 

1 2 

3 4 

𝒆𝟏 

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

𝑒1 = {1, 2, 3} 𝑒2 = {1, 2, 4} 𝑒3 = {1, 3, 4} 𝑒4 = {2, 3, 4} 

1 2 

3 4 

𝒆𝟏 

𝒆𝟐 

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

𝑒1 = {1, 2, 3} 𝑒2 = {1, 2, 4} 𝑒3 = {1, 3, 4} 𝑒4 = {2, 3, 4} 

1 2 

3 4 

𝒆𝟏 

𝒆𝟑 𝒆𝟐 

Verrall 

7 



Complete 𝒌-uniform hypergraph on 𝒏 vertices 

 ℋ has all 𝑘-subsets of the 𝑛-set of vertices as edge 

Complete 3-uniform hypergraph on 4 vertices 1, 2, 3, 4  

𝑒1 = {1, 2, 3} 𝑒2 = {1, 2, 4} 𝑒3 = {1, 3, 4} 𝑒4 = {2, 3, 4} 

1 2 

3 4 

𝒆𝟏 

𝒆𝟑 𝒆𝟐 

𝒆𝟒 Verrall 

7 



 

8 



𝒌-Partite 𝒌-uniform hypergraph 

Kuhl and Schroeder  

8 



 Vertex set 𝑉 partitioned into 𝑘 subsets 𝑉1, 𝑉2, 𝑉3, … , 𝑉𝑘  
 Edge set ℰ = {𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑘}|𝑣𝑗 ∈ 𝑉𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 1 ≤ 𝑗 ≤ 𝑘  

Kuhl and Schroeder  

𝒌-Partite 𝒌-uniform hypergraph 

8 



 Vertex set 𝑉 partitioned into 𝑘 subsets 𝑉1, 𝑉2, 𝑉3, … , 𝑉𝑘  
 Edge set ℰ = {𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑘}|𝑣𝑗 ∈ 𝑉𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 1 ≤ 𝑗 ≤ 𝑘  

 Complete if 𝑉𝑗 = 𝑣𝑗1, 𝑣𝑗2, 𝑣𝑗3, … , 𝑣𝑗
𝑉𝑗   for all 1 ≤ 𝑗 ≤ 𝑘 and            

ℰ = 𝑣1
𝑖1 , 𝑣2
𝑖2 , 𝑣3
𝑖3 , … , 𝑣𝑘

𝑖𝑘 |𝑣
𝑗

𝑖𝑗
∈ 𝑉𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 1 ≤ 𝑗 ≤ 𝑘 𝑎𝑛𝑑 1 ≤ 𝑖𝑗 ≤ 𝑉𝑗   

Kuhl and Schroeder  

𝒌-Partite 𝒌-uniform hypergraph 

8 



𝒌-Partite 𝒌-uniform hypergraph 
 Vertex set 𝑉 partitioned into 𝑘 subsets 𝑉1, 𝑉2, 𝑉3, … , 𝑉𝑘  
 Edge set ℰ = {𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑘}|𝑣𝑗 ∈ 𝑉𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 1 ≤ 𝑗 ≤ 𝑘  

 Complete if 𝑉𝑗 = 𝑣𝑗1, 𝑣𝑗2, 𝑣𝑗3, … , 𝑣𝑗
𝑉𝑗   for all 1 ≤ 𝑗 ≤ 𝑘 and            

ℰ = 𝑣1
𝑖1 , 𝑣2
𝑖2 , 𝑣3
𝑖3 , … , 𝑣𝑘

𝑖𝑘 |𝑣
𝑗

𝑖𝑗
∈ 𝑉𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 1 ≤ 𝑗 ≤ 𝑘 𝑎𝑛𝑑 1 ≤ 𝑖𝑗 ≤ 𝑉𝑗   

3-Partite 3-uniform hypergraph Kuhl and Schroeder  

8 



 

9 



𝒌-Partite 𝝈-uniform hypergraph where 𝝈 ≥ 𝒌 

Jirimutu and Wang 

9 



 Vertex set 𝑉 partitioned into 𝑘 subsets 𝑉1, 𝑉2, 𝑉3, … , 𝑉𝑘  
 𝐸 is an edge if 𝐸 = 𝜎 and 𝐸 ∩ 𝑉𝑖 < 𝜎 for all 1 ≤ 𝑖 ≤ 𝑘. 

Jirimutu and Wang 

𝒌-Partite 𝝈-uniform hypergraph where 𝝈 ≥ 𝒌 

9 



 Vertex set 𝑉 partitioned into 𝑘 subsets 𝑉1, 𝑉2, 𝑉3, … , 𝑉𝑘  
 𝐸 is an edge if 𝐸 = 𝜎 and 𝐸 ∩ 𝑉𝑖 < 𝜎 for all 1 ≤ 𝑖 ≤ 𝑘. 

 Complete if ℰ = 𝐸 ∶ 𝐸 = 𝜎 and 𝐸 ∩ 𝑉𝑖 < 𝜎 for all 1 ≤ 𝑖 ≤ 𝑘  

Jirimutu and Wang 

𝒌-Partite 𝝈-uniform hypergraph where 𝝈 ≥ 𝒌 

9 



 Vertex set 𝑉 partitioned into 𝑘 subsets 𝑉1, 𝑉2, 𝑉3, … , 𝑉𝑘  
 𝐸 is an edge if 𝐸 = 𝜎 and 𝐸 ∩ 𝑉𝑖 < 𝜎 for all 1 ≤ 𝑖 ≤ 𝑘. 

 Complete if ℰ = 𝐸 ∶ 𝐸 = 𝜎 and 𝐸 ∩ 𝑉𝑖 < 𝜎 for all 1 ≤ 𝑖 ≤ 𝑘  

3-Partite 3-uniform hypergraph Jirimutu and Wang 

𝒌-Partite 𝝈-uniform hypergraph where 𝝈 ≥ 𝒌 

9 



 

10 



𝟑-Partite 𝟑-uniform hypergraph 

10 



𝟑-Partite 𝟑-uniform hypergraph 

Kuhl and Schroeder  Jirimutu and Wang 

10 



 

11 



Path and Diameter of hypergraph 𝓗 

Ye 

11 



Path and Diameter of hypergraph 𝓗 

 A path 𝑃 from 𝑥1 to 𝑥𝑠+1 is a vertex-edge alternative sequence 
𝒙𝟏, 𝑬𝟏, 𝒙𝟐, 𝑬𝟐, … , 𝒙𝒔, 𝑬𝒔, 𝒙𝒔+𝟏 such that 𝑥𝑖 , 𝑥𝑖+1 ⊆ 𝐸𝑖 for all 
1 ≤ 𝑖 ≤ 𝑠 and 𝑥𝑖 ≠ 𝑥𝑗 , 𝐸𝑖 ≠ 𝐸𝑗 with 𝑖 ≠ 𝑗 and 𝑠 is called the 
length of the path 𝑃. 

Ye 

11 



Path and Diameter of hypergraph 𝓗 

 A path 𝑃 from 𝑥1 to 𝑥𝑠+1 is a vertex-edge alternative sequence 
𝒙𝟏, 𝑬𝟏, 𝒙𝟐, 𝑬𝟐, … , 𝒙𝒔, 𝑬𝒔, 𝒙𝒔+𝟏 such that 𝑥𝑖 , 𝑥𝑖+1 ⊆ 𝐸𝑖 for all 
1 ≤ 𝑖 ≤ 𝑠 and 𝑥𝑖 ≠ 𝑥𝑗 , 𝐸𝑖 ≠ 𝐸𝑗 with 𝑖 ≠ 𝑗 and 𝑠 is called the 
length of the path 𝑃. 

 The distance of distinct vertices 𝑥 and 𝑦, denoted by 𝑑(𝑥,𝑦), is 
the minimum length of all paths that connect 𝑥 and 𝑦. 
 

 The diameter of ℋ 𝑉, ℰ , denoted by 𝑑 ℋ , is defined as 
𝑑 ℋ = 𝑚𝑎𝑥 𝑑 𝑥, 𝑦 |𝑥, 𝑦 ∈ 𝑉, 𝑥 ≠ 𝑦 . 
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Example: ℤ𝑛 ≅ ℤ 𝑛ℤ  

Ring 𝑅

Commutative Ring 𝑹 𝑰  

Objective 

18 



 

19 



Complete 𝒌-zero-divisor hypergraph of ring 𝑹 

19 



Complete 𝒌-zero-divisor hypergraph of ring 𝑹 

Appropriate ideal: 𝑅𝑝𝑘 

Commutative ring: 𝑅
𝑅𝑝𝑘  

19 



Complete 𝒌-zero-divisor hypergraph of ring 𝑹 

Appropriate ideal: 𝑅𝑝𝑘 

Commutative ring: 𝑅
𝑅𝑝𝑘  

19 



Complete 𝒌-zero-divisor hypergraph of ring 𝑹 

Appropriate ideal: 𝑅𝑝𝑘 

Conditions: 𝑅𝑝
𝑅𝑝𝑘 −

𝑅𝑝2

𝑅𝑝𝑘
 ≥ 𝑘 

Commutative ring: 𝑅
𝑅𝑝𝑘  

19 



Complete 𝒌-zero-divisor hypergraph of ring 𝑹 

Appropriate ideal: 𝑅𝑝𝑘 

Conditions: 𝑅𝑝
𝑅𝑝𝑘 −

𝑅𝑝2

𝑅𝑝𝑘
 ≥ 𝑘 

Vertex set: Z 𝑅
𝑅𝑝𝑘 , 𝑘 =

𝑅𝑝
𝑅𝑝𝑘 −

𝑅𝑝2

𝑅𝑝𝑘
  

Commutative ring: 𝑅
𝑅𝑝𝑘  

19 



Complete 𝒌-zero-divisor hypergraph of ring 𝑹 
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Conditions: 𝑅𝑝
𝑅𝑝𝑘 −

𝑅𝑝2
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Consider ℤ27 ≅ ℤ 27ℤ ≅
ℤ
33ℤ  

A vertex set 𝑍 ℤ27, 3 = 3 , 6 , 12, 15, 21, 24  

Example of complete 𝟑-zero-divisor hypergraph of ring 𝑹 
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Consider ℤ27 ≅ ℤ 27ℤ ≅
ℤ
33ℤ  

A vertex set 𝑍 ℤ27, 3 = 3 , 6 , 12, 15, 21, 24  

3  6  

12 15 

21 

24 

Example of complete 𝟑-zero-divisor hypergraph of ring 𝑹 
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Diameter of complete 𝒌-zero-divisor hypergraph of ring 𝑹  

 Diameter is 1 same as a complete graph 
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Diameter of complete 𝒌-zero-divisor hypergraph of ring 𝑹  

 Diameter is 1 same as a complete graph 
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12 15 

21 

24 
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𝒆 
𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 

 0 if 𝑍 𝑅
𝑅𝑝𝑘 , 𝑘 = 𝑘 

 2 if 𝑘 ≥ 3 and 𝑍 𝑅
𝑅𝑝𝑘 , 𝑘 ≥ 𝑘 + 1 

 3 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝑝2 , 2 ≥ 3 
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The minimum length of all cycles 

Only one edge 

Same idea as complete graph 

1 

2 

𝒆 
𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 

 0 if 𝑍 𝑅
𝑅𝑝𝑘 , 𝑘 = 𝑘 

 2 if 𝑘 ≥ 3 and 𝑍 𝑅
𝑅𝑝𝑘 , 𝑘 ≥ 𝑘 + 1 

 3 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝑝2 , 2 ≥ 3 
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Conclusion table 

Hypergraph 
Appropriate 

Ideal 
Vertex Set Diameter 

Minimum 
length of 
all cycles 

Complete 𝑘-
zero-divisor 
hypergraph 

𝑅𝑝𝑘 Z 𝑅
𝑅𝑝𝑘 
, 𝑘 =
𝑅𝑝
𝑅𝑝𝑘 
−
𝑅𝑝2

𝑅𝑝𝑘
  1 0,2, or 3 
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𝑅𝑝𝑗
𝑅𝛾 𝑗≠𝑖  

Let 𝛾 = 𝑝1𝑝2𝑝3⋯𝑝𝑘  
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Consider ℤ30 ≅ ℤ 30ℤ ≅
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9  25 4  
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𝑉1 = 2 , 4 , 8 , 14, 16, 22, 26, 28  𝑉2 = 3 , 9 , 21, 27  
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The minimum length of all cycles 

 0 if 𝑍 𝑅 𝑅𝛾 , 𝑘 = 𝑘 Only one edge 

 2 if 𝑘 ≥ 3 and 𝑍 𝑅 𝑅𝛾 , 𝑘 ≥ 𝑘 + 1 

1 2 
𝒆 

𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 
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The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝛾 , 2 ≥ 3 (one of partite sets has only 
one element) 
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The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝛾 , 2 ≥ 3 (one of partite sets has only 
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 4 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝛾 , 2 ≥ 3 (each partite set has more 
than one element) 
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The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝛾 , 2 ≥ 3 (one of partite sets has only 
one element) 

 4 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝛾 , 2 ≥ 3 (each partite set has more 
than one element) 

Same idea as complete bipartite graph 
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Conclusion table 

Hypergraph 
Appropriate 

Ideal 
Vertex Set 

(𝛾 = 𝑝1𝑝2𝑝3⋯𝑝𝑘) 
Diameter 

Minimum 
length of 
all cycles 

Complete 𝑘-
partite 𝑘-zero-

divisor 
hypergraph 

𝑅𝑝1𝑝2𝑝3⋯𝑝𝑘 

𝑉𝑖 =
𝑅𝑝𝑖
𝑅𝛾 − 

𝑅𝑝𝑗
𝑅𝛾 

𝑗≠𝑖

 

 𝑉𝑖

𝑘

𝑖=1

= 𝑍 𝑅 𝑅𝛾 , 𝑘  

2 0,2, or 4 

29 
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Construct complete 𝑘-
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Construct complete 𝑙-zero-
divisor hypergraph 

How to construct 𝑘-partite 𝜎-zero-divisor hypergraph 
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𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

complete 3-partite 3-zero-divisor 
hypergraph 
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complete 3-partite 3-zero-divisor 
hypergraph 

𝑅𝑝1𝑝2𝑝3
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𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

complete 2-zero-divisor 
hypergraph 
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Ring ℤ60 ≅ ℤ 22⋅3⋅5 ℤ 

31 

𝑅𝑝2

complete 2-zero-divisor 
hypergraph 

complete 3-partite 3-zero-divisor 
hypergraph 

𝑅𝑝1𝑝2𝑝3

𝑅𝑝1
2𝑝2𝑝3



𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

2  3  5  

9  35 14 

31 

Ring ℤ60 ≅ ℤ 22⋅3⋅5 ℤ 

𝑅𝑝2

complete 2-zero-divisor 
hypergraph 

complete 3-partite 3-zero-divisor 
hypergraph 

𝑅𝑝1𝑝2𝑝3

𝑅𝑝1
2𝑝2𝑝3



𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

2  3  5  

9  35 14 

31 

Ring ℤ60 ≅ ℤ 22⋅3⋅5 ℤ 

complete 3-partite 3-zero-divisor 
hypergraph 

𝑅𝑝1𝑝2𝑝3



𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

2  3  5  

9  35 14 

31 

Ring ℤ60 ≅ ℤ 22⋅3⋅5 ℤ 
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Ring ℤ60 ≅ ℤ 22⋅3⋅5 ℤ 

𝑅𝑝2

complete 2-zero-divisor 
hypergraph 

complete 3-partite 3-zero-divisor 
hypergraph 

𝑅𝑝1𝑝2𝑝3

𝑅𝑝1
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𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 where 𝝈 ≥ 𝒌 

Appropriate ideal: 𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘  

Commutative ring: 𝑅
𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘  Condition: 𝑅 has at least 
𝑘 prime elements  
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𝜎 =  𝛼𝑚

𝑘

𝑚=1
Appropriate ideal: 𝑅𝑝1
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𝛼𝑘  Condition: 𝑅 has at least 
𝑘 prime elements  
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𝑘

𝑚=1
Appropriate ideal: 𝑅𝑝1

𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘
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Let 𝜋 = 𝑝1
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𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 where 𝝈 ≥ 𝒌 

𝜎 =  𝛼𝑚

𝑘

𝑚=1

Each partite set 𝑉𝑖 :  

𝑅𝑝𝑖
𝑅𝜋 −  

𝑅𝑝𝑗
𝑅𝜋 𝑗≠𝑖    if 𝛼𝑖 = 1 


𝑅𝑝𝑖
𝑅𝜋 −

𝑅𝑝𝑖
2

𝑅𝜋
 ∪  

𝑅𝑝𝑗
𝑅𝜋 𝑗≠𝑖   if 𝛼𝑖 ≥ 2 

Appropriate ideal: 𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘  

Let 𝜋 = 𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘   

 𝑉𝑖

𝑘

𝑖=1

= 𝑍 𝑅 𝑅𝜋 , 𝜎  

Commutative ring: 𝑅
𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘  Condition: 𝑅 has at least 
𝑘 prime elements  

32 



𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 where 𝝈 ≥ 𝒌 

𝒌-partite 𝝈-zero-divisor hypergraph 

𝜎 =  𝛼𝑚

𝑘

𝑚=1

Each partite set 𝑉𝑖 :  

𝑅𝑝𝑖
𝑅𝜋 −  

𝑅𝑝𝑗
𝑅𝜋 𝑗≠𝑖    if 𝛼𝑖 = 1 


𝑅𝑝𝑖
𝑅𝜋 −

𝑅𝑝𝑖
2

𝑅𝜋
 ∪  

𝑅𝑝𝑗
𝑅𝜋 𝑗≠𝑖   if 𝛼𝑖 ≥ 2 

Appropriate ideal: 𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘  

Let 𝜋 = 𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘   

 𝑉𝑖

𝑘

𝑖=1

= 𝑍 𝑅 𝑅𝜋 , 𝜎  

Commutative ring: 𝑅
𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘  Condition: 𝑅 has at least 
𝑘 prime elements  

32 



 

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

A vertex set 
𝑍 ℤ60, 4 = 2 , 3 , 5 , 9 , 14, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 51, 55, 57, 58  

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

A vertex set 
𝑍 ℤ60, 4 = 2 , 3 , 5 , 9 , 14, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 51, 55, 57, 58  

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

A vertex set 
𝑍 ℤ60, 4 = 2 , 3 , 5 , 9 , 14, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 51, 55, 57, 58  

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

𝑉1 = 2 , 14, 22, 26, 34, 38, 46, 58  

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

A vertex set 
𝑍 ℤ60, 4 = 2 , 3 , 5 , 9 , 14, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 51, 55, 57, 58  

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

𝑉1 = 2 , 14, 22, 26, 34, 38, 46, 58  𝑉2 = 3 , 9 , 21, 27, 33, 39, 51, 57  

33 



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

A vertex set 
𝑍 ℤ60, 4 = 2 , 3 , 5 , 9 , 14, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 51, 55, 57, 58  

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

𝑉1 = 2 , 14, 22, 26, 34, 38, 46, 58  

𝑉3 = 5 , 25, 35, 55  

33 

𝑉2 = 3 , 9 , 21, 27, 33, 39, 51, 57  



Example of 𝟑-partite 𝟒-zero-divisor hypergraph of ring 𝑹 

Consider ℤ60 ≅ ℤ 60ℤ ≅
ℤ
22⋅3⋅5 ℤ  

A vertex set 
𝑍 ℤ60, 4 = 2 , 3 , 5 , 9 , 14, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 51, 55, 57, 58  

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

𝑉1 = 2 , 14, 22, 26, 34, 38, 46, 58  

𝑉3 = 5 , 25, 35, 55  

33 

𝑉2 = 3 , 9 , 21, 27, 33, 39, 51, 57  



 

34 



Diameter of 𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 

34 



Diameter of 𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 

 Diameter is 2 

34 



Diameter of 𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 

 Diameter is 2 ℤ60 ≅
ℤ
22 ⋅ 3 ⋅ 5 ℤ  

34 



Diameter of 𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 

 Diameter is 2 

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

ℤ60 ≅
ℤ
22 ⋅ 3 ⋅ 5 ℤ  

34 



Diameter of 𝒌-partite 𝝈-zero-divisor hypergraph of ring 𝑹 

 Diameter is 2 

2  3  5  

9  35 14 

⋮ ⋮ ⋮ 

ℤ60 ≅
ℤ
22 ⋅ 3 ⋅ 5 ℤ  

34 



 

35 



The minimum length of all cycles 

35 



The minimum length of all cycles 

 0 if 𝑍 𝑅 𝑅𝜋 , 𝜎 = 𝜎 

35 



The minimum length of all cycles 

 0 if 𝑍 𝑅 𝑅𝜋 , 𝜎 = 𝜎 Only one edge 

35 



The minimum length of all cycles 

 0 if 𝑍 𝑅 𝑅𝜋 , 𝜎 = 𝜎 Only one edge 

 2 if 𝑘 ≥ 3 and 𝑍 𝑅 𝑅𝜋 , 𝜎 ≥ 𝜎 + 1 

35 



The minimum length of all cycles 

 0 if 𝑍 𝑅 𝑅𝜋 , 𝜎 = 𝜎 Only one edge 

 2 if 𝑘 ≥ 3 and 𝑍 𝑅 𝑅𝜋 , 𝜎 ≥ 𝜎 + 1 

1 2 𝒆 

𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 

35 



The minimum length of all cycles 

36 



The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 
and 𝑉1 = 1 and 𝛼2 = 1 

36 



The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 
and 𝑉1 = 1 and 𝛼2 = 1 

36 



The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 
and 𝑉1 = 1 and 𝛼2 = 1 

 2 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 
and 𝑉1 = 1 and 𝛼2 ≥ 2 

36 



The minimum length of all cycles 

 0 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 
and 𝑉1 = 1 and 𝛼2 = 1 

 2 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 
and 𝑉1 = 1 and 𝛼2 ≥ 2 

1 

2 

𝒆 

𝒇 𝑐 = 1, 𝑒, 2, 𝑓 

36 



The minimum length of all cycles 

37 



The minimum length of all cycles 
 2 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 and 
𝑉𝑖 ≥ 2 for all 1 ≤ 𝑖 ≤ 2 and there exists 1 ≤ 𝑖 ≤ 2 such 

that 𝛼𝑖 ≥ 2 

37 



The minimum length of all cycles 
 2 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 and 
𝑉𝑖 ≥ 2 for all 1 ≤ 𝑖 ≤ 2 and there exists 1 ≤ 𝑖 ≤ 2 such 

that 𝛼𝑖 ≥ 2 

1 

2 

𝒆 

𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 

37 



The minimum length of all cycles 
 2 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 and 
𝑉𝑖 ≥ 2 for all 1 ≤ 𝑖 ≤ 2 and there exists 1 ≤ 𝑖 ≤ 2 such 

that 𝛼𝑖 ≥ 2 

1 

2 

𝒆 

𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 

 4 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 and 
𝑉𝑖 ≥ 2 with 𝛼𝑖 = 1 for all 1 ≤ 𝑖 ≤ 2 

37 



The minimum length of all cycles 
 2 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 and 
𝑉𝑖 ≥ 2 for all 1 ≤ 𝑖 ≤ 2 and there exists 1 ≤ 𝑖 ≤ 2 such 

that 𝛼𝑖 ≥ 2 

1 

2 

𝒆 

𝒇 

𝑐 = 1, 𝑒, 2, 𝑓 

 4 if 𝑘 = 2 and 𝑍 𝑅 𝑅𝜋 , 𝛼1 + 𝛼2 ≥ 𝛼1 + 𝛼2 + 1 and 
𝑉𝑖 ≥ 2 with 𝛼𝑖 = 1 for all 1 ≤ 𝑖 ≤ 2 

Same idea as complete bipartite graph 

37 



 

38 



Conclusion table 

38 



Conclusion table 

Hypergraph 
Appropriate 

Ideal 

Vertex Set 

(𝜎 =  𝛼𝑚

𝑘

𝑚=1

, 

𝜋 = 𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘)  

 

Diameter 
Minimum 
length of 
all cycles 

𝑘-partite 𝜎-
zero-divisor 
hypergraph 

𝑅𝑝1
𝛼1𝑝2
𝛼2𝑝3
𝛼3⋯𝑝𝑘

𝛼𝑘 

𝑉𝑖 =
𝑅𝑝𝑖
𝑅𝜋 −  

𝑅𝑝𝑗
𝑅𝜋 𝑗≠𝑖  if 𝛼𝑖 = 1 

𝑉𝑖 =
𝑅𝑝𝑖
𝑅𝜋 −

𝑅𝑝𝑖
2

𝑅𝜋
 ∪  

𝑅𝑝𝑗
𝑅𝜋 𝑗≠𝑖  

if 𝛼𝑖 ≥ 2 

 𝑉𝑖

𝑘

𝑖=1

= 𝑍 𝑅 𝑅𝜋 , 𝜎  

2 0,2, or 4 
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